The possibility of a quantum system to exhibit properties that are akin to both the classically held notions of being a particle and a wave, is one of the most intriguing aspects of the quantum description of nature. These aspects have been instrumental in understanding paradigmatic natural phenomena as well as to provide nonclassical applications. A conceptual foundation for the wave nature of a quantum state has recently been presented, through the notion of quantum coherence. We introduce here a parallel notion for the particle nature of a quantum state of an arbitrary physical situation. We provide hints towards a resource theory of particleness, and give a quantification of the same.
I. INTRODUCTION
The wave-particle duality is one of the core aspects of quantum mechanics. This tells us about a profound and, within classical intuitions, paradoxical behavior of nature by which a quantum system exhibits the property of being both a wave and a particle. The wave nature of a quantum entity is distinctly revealed in the double-slit experiment. The wave aspect of a quantum system makes it pass through both the slits at the same time, resulting in interference. This phenomenon can certainly be explained if the corresponding quantum system is considered to be a classical wave, but not if it was a classical particle.
On the other hand, the photoelectric effect is an example of a phenomenon where a quantum system exhibits particlelike characteristics. Contrary to the double-slit experiment, the photoelectric effect would not be explainable if we consider the quantum system as a classical wave. It is intriguing that there are quantum systems -photons -that exhibit both wave phenomenon via interference in double-slit experiment and particle aspect in the photoelectric effect.
The wave nature of a quantum system was observed since the beginnings of quantum mechanics, and the quantum formalism was found to be able to incorporate it within its folds. However, a more careful conceptual foundation and quantification of the wave nature, that is independent of any particular experiment, was presented only a few years back, where "quantum coherence" was quantified using a resource-theoretic framework [1] . On the other hand, the particle nature of a quantum system, while having been observed and incorporated into the quantum formalism since its beginnings, to the best of our knowledge, it has not yet been conceptually formalized independent of the detailed aspects of the photoelectric effect. We hope to provide a way to bridge this gap to a certain extent, and indicate directions towards a resource theory of "particleness" of a quantum system.
We begin in the succeeding section by providing a toy model for detection of particle nature, inspired by the photoelectric effect. This provides the basis for conceptualizing the particle aspect of a quantum system, and the corresponding resource theory. In Subsec. II A, we identify the "free states" of the resource theory, and in the following subsection, we consider the possible "free operations". In subsections II C and II D, we consider the particular cases of two-and three-level systems respectively. We discuss about measures of particleness in Subsec. II E. A summary and possible implications of our formalism are presented in Sec. III.
II. MODEL FOR CONCEPTUALIZING PARTICLE ASPECT
Let us introduce here a toy model for detecting the particle aspect of a quantum system, taking inspiration from the photoelectric effect. This will help in quantifying the particle aspect of an arbitrary quantum system, wherein a d-level incoming quantum system impinges on an effectively twolevel "solid state system". The Hamiltonian of the incoming system is given by H = d−1 n=0 ħ hω n |n〉〈n|. Here, ħ h = h/(2π), with h being the Planck's constant. We consider the effective Hamiltonian of the solid state system to be H SS = ħ hω|e〉〈e|, where |e〉 is the excited state of the effective two-level solid state system. In a more realistic situation, there can be a band of levels near the zero level energy of our effective solid state system, which is being approximated here by a single energy level with zero energy. Similarly, a possible band of energies near the excited state energy is being approximated here by a single excited state with energy ħ hω. More generally, there can be metastable states between the two bands, and these are being not considered in this toy model. We do not explicitly write the interaction Hamiltonian. Instead, similar to what happens in case of the photoelectric effect, we assume that if there is an incoming state ρ in (on d ) such that Tr(ρ in H) > ħ hω, then the incoming state has a nonzero "particleness". For simplicity, we assume the "zero detuning" scenario, so that ω n = nω for n = 0, 1, . . . , d − 1.
Quantum coherence of a quantum state depends not only on the state but also on the basis. Indeed, the slits in an interference experiment defines such a basis, and the interference pattern changes depending on the character of the slits. Similarly, the particleness of a quantum state depends not only on the state but also on the Hamiltonians of the incoming system and the solid state. We have ignored the transfer mechanism of the energy from the impinging system to the solid state. In any resource theory, one of the most important aspects is to characterize the states which will not act as a resource -the so-called "free states", which we denote as ρ f . If we consider particleness to be a resource of any given quantum system, the free states will be those states which cannot exhibit particleness of the system. This depends on the triplet consisting of • the state of the incoming system (ρ in ),
• the Hamiltonian of the incoming system (H), and
• the "threshold energy " (ħ hω) of the solid state system.
The free states will be those for which the energy content of the state is less than or equal to ħ hω. Denoting the set of free states as F S , we have
It is interesting to note that the set F S is a convex set and the corresponding "edge states" are those for which the energy of the system is exactly equal to ħ hω.
The states |0〉 and |1〉 are free states for any dimension, d, of the incoming quantum system, and |1〉 is an edge state therein. For n = 2, . . . , d, the states |n〉 are resource states, i.e., have nonzero particleness. We remember that the states {|n〉} forms the eigenbasis of the Hamiltonian H. If we consider the mixed state ρ (1 − p) , so that ρ p f lies in the interior of the set of free states for all d, unless p = 0. Interestingly, the state 1 3 I 3 = 1 3 (|0〉〈0| + |1〉〈1| + |2〉〈2|) is an edge state for any input system, since Tr( 1 3 I 3 H) = ħ hω. A convex combination of this state and the state |1〉, i.e, a state of the form
, is an edge state for any p and any input dimension, d. The facts that 1 3 I 3 and |1〉 are edge states depends on our choice of equally spaced energy levels and the zero detuning. Changing the Hamiltonians will change the status of the free as well as edge states.
Existence of witness operators. It is easy to see that the set of free states is convex, as already alluded to above. It is also possible to show that the set is compact. To prove the compactness, first note that F S is bounded. We now need to show that it is also closed. Since Tr(·H) is a continuous function of its argument, the pre-image F S of the closed set [0, ħ hω] is closed. Since F S is convex and compact, it is possible to use the Hahn-Banach theorem [2] to provide the concept of witness operators for detecting states with nonzero particleness, similar to, e.g., the concept of entanglement witnesses [3] .
B. Free Operations
Along with free states, it is also important in any resource theory to characterize the set of quantum operations which will transform free states into free states, and these operations are usually referred to as "free operations".
Let us now define our set of free operations in this resource theory as those collections of Kraus operators, K n , for which n K † n K n is the identity on d ("completeness condition"), and the energy of any free state is bounded above by ħ hω even after the application of individual Kraus operators. In other words, the set of free operations can be given by
where the completeness condition is implicitly assumed. It is evident from the above definition that energy-invariant quantum operations forms a class of free operations. A subset of the class of energy-invariant free operations are ones for which the Kraus operators commute with the Hamiltonian of the incoming system.
C. Qubit is almost never particle-like
If the incoming quantum system is a two-level system, let us write the corresponding state as |ψ〉 = a|0〉 + b|1〉 (a and b are the amplitudes, |a| 2 + |b| 2 = 1). In this case, the Hamiltonian operator determining the energy of the input is given by H = ħ hω|1〉〈1|. In this scenario, for all pure states |ψ〉, we have 〈ψ|H|ψ〉 = |b| 2 ħ hω, which is always ≤ ħ hω (since |b| 2 ≤ 1). This implies all the pure states are free states, and the state |1〉 lies at the edge. Since the mixed states are convex combinations of pure states, they will also lie in the set of free states, and since there is only a single pure edge state, there are no non-pure edge states. All two-level quantum systems are therefore devoid of any particleness. The scenario changes, slightly, if we change our definition of free states to one in which the edge states are resourceful, in which case, exactly one state, viz. |1〉, becomes resourceful. A qubit will still be almost never particle-like.
D. Qutrits: first signature of particleness
Next we consider physical situation where a solid state system is exposed to a quantum source which is a three-level quantum system (e.g., a ladder-type three-level photonic system). This is the lowest dimension where we obtain a finite volume of quantum states having a nonzero particleness. The Hamiltonian of the quantum system is given by H = ħ hω|1〉〈1| + 2ħ hω|2〉〈2|. A pure state of the incoming system can be expressed as |ψ〉 = a|0〉 + b|1〉 + c|2〉, where a, b, and c are the amplitudes, with |a| 2 + |b| 2 + |c| 2 = 1. The solid state system on which the incoming particles are incident is still described by the Hamiltonian H SS = ħ hω|e〉〈e|. There is no emission of particles (e.g., electrons) from the zero-energy band of the solid state system unless the energy content of the incoming state is more than ħ hω, and hence there is no signature particle aspect of the system before that. It is easy to see that the pure state |ψ〉 is free if and Figure 1 . Particleness of a qutrit: Free and resourceful states. We depict here the free and resourceful states in the space of density matrices of a three-level quantum system. Free states form a convex and compact set. The states 1 3 I 3 and |1〉 are edge states. The state |0〉 is free but is not an edge state. The state |2〉 is a resourceful state.
only if |c| ≤ |a|. For a general three-level state ρ, it is free if ρ 11 + 2ρ 22 ≤ 1, where ρ nn is the n th diagonal element of ρ, when written in the energy eigenbasis.
E. Measure of Particleness
In the next step, we look for possible ways to quantify particleness of the incoming quantum system ρ in . One way to do so can be to use a concept akin to the definition of distillable entanglement [4] . In that case, one begins by identifying a state that is the most resourceful, which in our case can be the highest eigenstate of the incoming system Hamiltonian. "Distillable particleness" of an input state can then be defined as the asymptotic fraction of the most resourceful state, per input state, that can be obtained by free operations. In this paper, we follow a different track, viz. the distance-based approach.
Distance-based measure of particleness. We study here a distance-based measure of particleness, P D (ρ in ), of a quantum state, ρ in on d , given by D(ρ, σ) is a distance function on the space of densities. Since we know that the state 1 3 I 3 = 1 3 (|0〉〈0| + |1〉〈1| + |2〉〈2|) is an edge state for any d, we obtain the following result.
Lemma.
The particleness of an arbitrary quantum state ρ in is bounded above by D(ρ in , 1 3 I 3 ).
Next we try to see that whether we can obtain a stronger bound, when we consider the distance of ρ in from a free state lying on the line joining ρ in with a free state in the interior of F S . See Fig. 1 for a , ρ(p, q) is free if q ≥ |c| 2 −|a| 2 p+|c| 2 −|a| 2 . The equality sign holds for a ρ(p, q) on the edge. Therefore, the particleness P D (|ψ〉) for a three-level pure state |ψ〉, is bounded by min p D(|ψ〉〈ψ|, ρ(p, q p )), where q p = |c| 2 −|a| 2 p+|c| 2 −|a| 2 .
III. SUMMARY
The wave-particle duality is one of the crucial aspects of the edifice of quantum mechanics. While both the wave and particle aspects were well-known from the beginnings of quantum mechanics, their conceptual foundations were not formalized except in particular quantum systems until recently, when the wave aspect was quantified, and called "quantum coherence". We have proposed a general framework for the particle aspect of an arbitrary quantum system, and hinted towards a resource theory of particleness. It is conceivable that the concept of particleness will exhibit a complementarity with quantum coherence.
Since the notions of quantum coherence and particleness depends on the choice of basis in the former and that of the incoming and solid state Hamiltonians in the latter, one can associate a myriad of waves and particles for a single quantum. This is in sharp contrast to the notion of wave and particle that we have in the classical world.
